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W ' Abstract 

(J I We introduce the Knapsack Game, in vifhich m identical resources are to be allocated among 

n selfish agents. Each agent requests some number of resources Xi and specifies its true val- 
uation Vi{xi) for receiving them, to a central entity. We assume that the valuation functions 
^ . exhibit diminishing marginal returns. The pairs {xi, Vi{xi)) can be thought of as size- value pairs 

^SJ ' defining a knapsack problem with capacity m. The central entity must use some publicly-known 

CO . mechanism to solve this knapsack problem, deciding which requests to satisfy in order to maxi- 

\l ' mize the social welfare. We motivate our formulation by noting an application to the classical 

. . communication-theoretic problem of power allocation to parallel channels. 

P^ ' Unfortunately, it turns out that the natural mechanism of computing an optimal solution to 

^— ^ . the knapsack problem instance specified by the requests gives the players the wrong incentives 

and yields an unbounded Price of Anarchy (PoA) . Instead, and somewhat surprisingly, we show 
that a simpler mechanism, based on the knapsack highest ratio greedy algorithm, provides a PoA 
of 2. We also give an algorithm computing a Nash equilibrium strategy profile in 0{{nlogm)^) 
^^ . time. Our primary algorithmic result shows that extending the mechanism to multiple rounds 

$H ' can arbitrarily strengthen the guarantee. Specifically, in this extension, the m items are parti- 

tioned into k carefully-sized subsets, and then allocated successively in k consecutive knapsack 
games. We show that this mechanism yields a PoA oil + ^, yielding a graceful tradeoff between 
communication complexity and the social welfare. 

The k-round result follows from our second major result, which shows a surprising analytical 
number-theoretic min-sup identity, and which may be of independent interest. 
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1 Introduction 

Efficiently allocating resources among multiple potential recipients is a central concern in both 
computer science and economics. In one of its simplest forms, a central entity or auctioneer must 
distribute a set of m identical, indivisible goods among n recipients or agents. Each agent has a 
valuation function associating a value to any number of items it might get, and the auctioneer wishes 
to maximize the social welfare, i.e., the total overall value, to the individuals, of the allocation. 

Much of the mechanism design literature is concerned with using payments to give agents 
incentives to be truthful, in order to allow the mechanism to produce a socially good outcome — 
roughly speaking, to allocate items to the agents who want them most. Since the agents' valuation 
functions are private in such contexts, in a poorly designed mechanism an agent could manipulate 
the outcome to its advantage by falsely reporting its valuations. 

In the present paper, in contrast, we initiate the study of a novel allocation setting in which 
honest agents reveal only a part of their valuation functions, a part they choose strategically. The 
fact that the agents must be truthful yet nonetheless can act selfishly decouples dishonesty from 
other sorts of antisocial behavior we might try to discourage (such as gluttony). In practice, the 
assumption of selfish agents' honesty may be justified through the presence of external mechanisms 
(e.g. laws, reputation, etc.) making it inadvisable to lie, or through cryptographic authentication 
methods. Nonetheless, even if agents are truthful and so incapable of lying outright, they may 
still try to deceive the auctioneer by omitting inconvenient facts — by telling the truth but not the 
whole truth. By assuming truthfulness, however realistic this assumption may be, we can analyze 
the difficulties due to selfishness per se, independent from the issue of truthfulness. 

This combination of truthfulness and partial revelation is just one of four possible pairs of 
assumption choices that can be made in formulating a problem setting in this space, along two 
orthogonal dimensions: the agents' veracity and communication complexity (or metaphorically, 
soundness and completeness). First, agents could be assumed to be honest, thus always reporting 
their true valuations, or dishonest, in which case the mechanism designer must engineer incentives 
to encourage truthfulness. Second, agents could be assumed to be capable of revealing their full 
valuation functions to the auctioneer (and hence to know them), or only be able to reveal partial 
information about their valuations. The choices of honest or dishonest agents and full or partial 
revelation yield four interesting problem settings to analyze. Of these, three have been previously 
studied (see related work below), but, to the best of our knowledge, the assumption that agents are 
honest yet only partially (and strategically) reveal their private valuations has not been considered. 

We next describe the specific problem we study within this setting. 

1.1 Knapsack Game 

We introduce the Knapsack Game, in which there are m identical resources to be distributed among 
n agents, each of whom has a private valuation function depending only on the number of items 
received. Each agent submits one request specifying its value Vi{xi) for Xi items — corresponding 
to a single point on the curve of its valuation function — which might be interpreted as a highly 
compact and possibly misleading representation of that curve. The auctioneer allocates the items 
with the goal of maximizing the social welfare of the agents, i.e. their total derived value. Lacking 
knowledge of what value, if any, that agent i would derive from fewer than Xi items, each agent is 
given either all Xi items requested or none. The pairs {xi,Vi{xi)) can therefore be thought of as 
size-value pairs defining a knapsack problem with capacity m. 



Unlike in a traditional, non-strategic knapsack problem, in this novel Knapsack game formu- 
lation, the auctioneer's allocation algorithm has an impact on the requests made by agents and, 
in effect, on the instance of the problem that must be solved. Selfishness may cause an agent to 
request many items, some of which could more valuably go to someone else. Therefore we seek a 
mechanism that encourages agents to be relatively abstemious, or not too greedy in choosing their 
requests, and thereby produces an allocation yielding near-optimal social welfare. 

An intuitively natural approach is to compute an optimal solution to the knapsack problem 
specified by the size- value pairs. Unfortunately, a simple example shows that the price of anar- 
chy (PoA) of this mechanism is unbounded. Instead, and somewhat surprisingly, we show that 
a mechanism based on the knapsack problem's standard highest ratio greedy (HRG) allocation 
achieves a PoA of 2, i.e. a 2-approximation to the optimal allocation at Nash equilibrium. It is 
interesting to recall, in contrast, that in the centralized setting, when applied to a fixed instance 
of the knapsack problem, highest ratio greedy has unbounded approximation ratio. The optimal 
allocation we compare to here is the optimal allocation of items based on complete knowledge of 
all the valuation functions. 

A second, extended knapsack game setting we study is one consisting of several rounds, each of 
which is itself a (singe-round) knapsack game. Specifically, in this extension the designer partitons 
the m items into k carefully-sized subsets, and then allocates them successively in k consecutive 
knapsack games. As such, the /c-round knapsack game multiplies by a factor of k the amount of 
computation and communication involved, as well as the amount of (true) information the players 
are obliged to reveal. The benefit these additional expenses provide is an improved PoA, based 
on the value k, and converging to 1. The /c-round mechanism applies the HRG to each (carefully 
constructed) round. 

1.2 Contributions 

We introduce the Knapsack Game and propose for it the highest-ratio (HRG) mechanism, which we 
show (Theorem l3.6p provides a PoA of 2 (assuming valuation functions giving diminishing marginal 
returns) . Our primary algorithmic result shows that the extension of HRG to multiple rounds can 
arbitrarily strengthen the guarantee. We show (Theorem 14. 3p that this mechanism yields a PoA 
of 1 -H ^, yielding a graceful tradeoff between communication complexity and the social welfare. 

This fe-round result follows from our second major result, a surprising number-theoretic min-sup 
identity (Theorem 15. 3p . which may be of independent interest. 

Other results include showing that PoA = PoS when valuation functions are strictly monotonic, 
and an algorithm that can compute the Nash equilibrium strategy profile in 0((n log m)'^) time. 

1.3 Applications 

One interesting application of the Knapsack Game is to the classic communication-theoretic prob- 
lem of allocating power across parallel communication channels i so as to maximize the total 
information rate [11]. Shannon's classic information theory result shows that in an ideal additive 
Gaussian white noise channel, the normalized information capacity of the channel scales as a nearly 
logarithmic function of the allocated power Xi, specifically as log(l + Xj/rij), where rii is the receiver 
noise to channel gain ratio. However, this is an idealized upper bound. For non-ideal radios sending 
finite-size packets with a discrete set of modulation schemes over real wireless channels, the power 
to data-rate function, although likely to show diminishing returns, is not known in closed-form. 



It can vary from one receiver to another due to natural variations in hardware, multipath fading, 
and external interference. The knapsack game could be used to model the behavior of a set of 
selfish radio receivers strategically revealing points from their own empirically determined power- 
rate function to a common transmitter that must use this partial information to figure out how to 
allocate power to each channel in order to maximize the total down-link data rate. 

1.4 Related work 

As noted above, the Knapsack Game we study in this paper models settings with honest agents 
that provide only partial revelation of their valuations. We now survey the other three related 
settings, as well as the area of mechanism design without money. 

Honest, full revelation. If honest agents must truthfully report their full valuation functions, the 
auctioneer has complete information, and so selfishness on the part of the recipients is irrelevant. 
This setting can be modeled as a multiple-choice knapsack problem solvable by FPTAS [T3]: for 
each player, introduce a class of knapsack items corresponding to each possible number i of unit 
items the player could receive (with weight i and value equal to that player's valuation for i items), 
with the restriction that at most one item from each class be can chosen for the knapsack. 

Unhonest, full revelation. The combination of dishonest agents and full revelation of valuation 
functions has been widely studied in economics and algorithmic game theory as combinatorial 
auctions with identical items, or multi-unit auctions. The standard goal is to devise a truthful 
mechanism, i.e. a publicly known allocation algorithm that incentivizes agents to tell the truth, 
thus permitting the auctioneer to learn the true valuations (assuming perfect rationality) and thence 
to choose a good allocation. 

The multi-unit auction problem was first studied by Vickrey, who presented an truthful mech- 
anism for agents with downward sloping valuations [20], using money or currency transfer. In 
general, truthfulness can be achieved through VCG payments, but doing so depends on optimally 
solving the allocation problem optimally, which may intractable. Starting with the work of Nisan 
and Ronen [ITj , the field of algorithmic mechanism design has sought to reconcile selfishness with 
computational complexity. Multi-unit auctions have been studied extensively in this context, in- 
cluding truthful mechanisms for single-minded bidders [El |5] , and /c- minded bidders [HI [HI [9] . 
Unhonest, partial revelation. The combination of dishonest agents and partial revelation of 
valuation functions has been introduced more recently. The main question in this setting concerns 
the extent to which limiting communication complexity affects mechanism efficiency. In [3.j ,4j , for 
example, bid sizes in an single-item auction are restricted to be real number expressed by k bits. 
In the combinatorial auctions of [7j, agent types are only possible revealed because a full revelation 
would require exponential space and communication (in the number of items) . 

Non-monetary mechanisms. We note that our Knapsack Game mechanisms do not involve 
money. As has been observed by Schummer and Vohra [18] and others, there are many situations 
in which currency transfer is illegal or impractical, including political decision making and organ 
donations, as well as many Internet-based applications. The study of strategyproof mechanisms 
without money was recently initiated by Procaccia and Tennenholtz [19] (see also [6]), which was 
followed by the adaptation of many previously studied mechanism design problems to the non- 
monetary setting, including the two- facility location problem [15], matching [2], approval voting 
m, the generalized assignment problem [10], and allocating multiple heterogeneous items to two 
agents with additive valuations [T2]. Analogously, Knapsack Game can be viewed as mechanism 



design without money for the more general problem of multi-unit auctions. 

2 Preliminaries 

A (single-round) knapsack game is specified by a set of agents or players N = {1, .., n}, a set of m 
identical resources or items, and for each agent i a valuation function Vi : {0, ..., m} — ?> Mq denoting 
the value i derives from receiving different numbers of items. We assume all valuation functions 
satisfy Vi{0) = 0, are nondecr easing, and exhibit diminishing marginal returns: 

Vi{x) - Vi{x - 1) > Vi{x + 1) - Vi{x) 

The strategy or request of agent i is a pair Si(xj) = {xi,Vi{xi)) comprising the (integer) number 
Xi of items requested, and z's true valuation for Xi items. A strategy profile is an n-tuple of strategies 
s{xi, ...,Xn) = (si(xi), ..., Sn(xn)). We denote by 5i = {si(0), ..., Si(7Ti)} the set of possible strategies 
for agent i, and by 5 = 5i x ... x 5„ the set of strategy profiles. A mechanism M : S ^ 2-™ is an 
allocation algorithm that takes as input a strategy profile and outputs the set of successful agents 
(or winners) whose requests are granted. A valid mechanism needs to satisfy the constraint that 
YlieM(s) ^i < rn,\/s G S. Each player i is awarded either Xi items (the number of items it requests), 
or none. The payoff uf : S -^ Mq of player i is accordingly either Vi{xi) or 0: 

Mi„(^ „ ^^ _ / '^ii^i) ifiGM(s) 



Ui {s{xi,...,Xn))- 1 Q ifi^M(s 



For a Knapsack Game G we will denote by OPT'-' = (ai, ...,a„) or OPT, when G is implied, 
an optimal allocation of items to agents. We denote the social welfare of the optimal allocation 
by sw{OPT'^) = X^"=i t'j(aj)- We denote the social welfare of a strategy profile s{xi, ...,Xn) and 
mechanism M by sw (s) = X]igM(s) ^j(^j)- When the mechanism AI is implied we will use sw{s) 
for sw^^{s). 

For a knapsack game G with mechanism M, a strategy profile s(xi, ..., x„) is a Nash equilibrium 
if for any i and any x[ G {0, ...,m}, uf^ {s{xi, ...,Xi, ...,x„)) > uf^ {s{xi, ...,2;^, ...,Xn))- The Price of 
Anarchy (PoA) bounds the ratio of the optimal social welfare and the social welfare of the worst 
Nash equilibrium in any Knapsack Game: 

.. .M swiOPT^) 

PoA^= sup A,M, 



s: 



Nash eq. Sw'^^ (s) 



Our optimization goal is designing a mechanism with a good PoA. An intuitively natural 
mechanism to try is one optimally solving the induced knapsack problem. We show that this 
mechanism does not lead to a good PoA. Intuitively, this mechanism encourages agents to be extra 
greedy and request all items. 

Proposition 2.1. The mechanism that solves the induced knapsack problem optimally has PoA = 
min{n,m}. 

Proof. We will show that PoA > min{n,?7i} by an example (see Fig. [1]). Consider a knapsack 
game G with players A/" = {1, ...,n}, m items, and valuation functions vi, ...,Vn. Let t'i(xi) = 1 + e, 



Solving knapsack optimally leads to greedy requests at Nash eq. 

Player 1 can successfully request all items 



^1 (x) — 31 + a: 



1 



V2 (x) — 30 + a; 



v^(x) — 30 + X 
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Figure 1: Example of a bad Nash Eq. for the optimal knapsack-based mechanism. 

1 < xi < m for some e > 0. Let Vi{xi) = 1, for 2 < i < n and 1 < Xi < m. Then at strategy profile 
s{m, ...,m) the mechanism will allocate all items to player 1 since it optimally solves the knapsack 
problem with size-value pairs {(m, 1 + e),{m,l), ...,{m,l)}. Player 1 cannot improve its payoff 
since 1 -|- e is its maximum payoff. If only one player requests less than m items, the mechanism 
still cannot satisfy more than one request and therefore awards all items to player 1. Therefore a 
player has no incentive to change strategies unilaterally. Then s is a Nash equilibrium with the 
social welfare sw{s) = 1 + e. The optimal allocation allocates one item to each player resulting in 
a social welfare of min{n, m}. 

To show the PoA < min{n, m}, consider a game G with agents TV = {!,..., n}, m items 
and valuation functions vi,...,Vn- Let i be one of the agents with the greatest valuation for m 
items: Vi{m) > Vj{m), for 1 < j < n. The social welfare of the optimal allocation OPT is then 
sw{OPT) < Vi{m) ■ min{n,m}. If the social welfare of some Nash equilibrium strategy profile 
■s is greater than Vi(m), player i could change its request and be allocated all items. Therefore, 
PoA < mm{n,m}. D 



2.1 Highest Ratio Greedy (HRG) mechanism 

We now define a mechanism following the standard highest ratio greedy algorithm of knapsack. 

First, we define a total ordering over the set 5iU...U5n\{si(0), ..., Sn(0)} of possible non-empty 
requests. Although the mechanism does not need to compare multiple requests of the same player, 
it is convenient to be able to compare two different potential requests of the same player when 
analyzing available alternatives of individual players, e.g. when analyzing the Nash equilibrium. 
Requests are sorted in descending order by the value-per-item ratio Vi{xi)/xi, with ties broken first 
by i (favoring lower indices over higher), and second by Xi (favoring fewer items requested over 
more). Notice that since valuation functions exhibit diminishing returns, Vi{xi)/xi is a decreasing 
function of Xi, and so our tie-breaking rules preserve transitivity. These rules are stated formally 
in the following definition. 

Definition 2.1. We define a total order -< on non-zero-size requests. For all i,j G A/" and any 
a,b> 0, we have Si{a) -< Sj{b) if: 

• Vi{a)/a > Vj(h)/h, or 

• Vi{a)/a = Vj(b)/b and i < j, or 

• Vi{a)/a = Vj{b)/b and i = j and a < b 



The Highest Ratio Greedy (HRG) mechanism considers requests in the specified order, granting 
each that is then feasible. 

Algorithm 1 Highest Ratio Greedy (HRG) 

sort the non-empty requests in ascending order according to -< 
for each request {xi,Vi{xi)) in order do 

grant request Xi if at least Xj items remain available 
end for 



Definition 2.2. The cutoff point s of a (sorted) strategy profile s(xi,...,x„) is the last request 
granted by the HRG mechanism, i.e., the request Si with the property that Sj -< Si for all j ^ i in 
the set of winners HRG{s). 

Example 1. Consider a knapsack game G with 3 players, Af = {1,2,3} and m = 10 items 
to allocate. Let the valuation function fi(xi) = 1, t'2(x2) = X2 and v^^xs) = 5, V xi,X2,X3 € 
{1,...,10}. Let s(6,8,4) = (si(6), 52(8), 83(4)) be the strategy profile played. Then the HRG 
mechanism first sorts the strategies S3 ~< S2 ~< si, and then allocates the items in order of the 
requests. Player 3's request is granted and is allocated 4 items. Player 2's request is denied since 
only 6 items are left and player 2 requested 8 items. Finally, player I's request is granted since there 
are enough items available to satisfy its request. The set of winning players is HRG{s) = {1,3}. 

The cutoff point for this strategy profile is s = si(6) since this is the last satisfied request. 
Strategy profile s(6, 8,4) is not a Nash equilibrium in this game since player 2 would get a better 
utility from requesting 6 items: n2(6,8,4) < ^2(6, 6,4). 

Remark: Absent the assumption that valuation functions have diminishing marginal returns, the 
HRG mechanism has Pa A > m. 

Proof. We will show that PoA > tti by an example. Consider a knapsack game with two players, 
M = {1,2}, m items, and valuation functions vi(xi) = 1, VI < xi < m and, f2(x2) = 0, Vx2 7^ m 
and V2{m) = m. Then strategy profile s(l, m) = (si(l), S2im)) is a Nash equilibrium and sw{s) = 1. 

Mechanism HRG sorts the strategy according to the total order previously defined. Since 
fi(l)/l = V2{m)/m = 1, the strategies are ordered by agent index and si(l) -<; S2{m). Then HRG 
grants the request of agent 1, awarding it the one item it requested. Agent's 2 request cannot be 
granted since only m — 1 items are left. Therefore, HRG{s) = {1} is the set of players whose 
requests are granted and sw{s) = 1. 

To see that s is a Nash equilibrium we have to verify that ui{xi,m) < 1, VO < xi < m and 
U2{l,X2) < 0, VO < X2 < m. Since wi(xi) < 1 then by definition «i(xi) < 1. For the second agent 
we showed that U2{l,m) = 0. Since ^2(2^2) = 0, VO < X2 < w, — 1 then by definition ^2(2^2) = 0, 
VO < X2 < m — 1. 

The optimal allocation is OPT = (0, m) with a social welfare sw{OPT) = m. Then PoA > m. 

To show that PoA < m, let s{xi, ..., x„) be a Nash equilibrium strategy profile of knapsack game 
G with m items, players J\f = {l,...,n} and valuation functions vi,...,Vn- Let OPT = (ai,...,a„) 
be an optimal allocation of the m items to the n players. Let i be the player with the best valuation 
ratio in the optimal allocation: Si{ai) -< Sj{aj), \/j 7^ i. If agent i is granted at least Oj items at s 
then sw{s) / sw{OPT) > m. 



If agent i is not granted at least Ui items at s then at least one agent has better payoff than 
Vi{ai)/ai. Otherwise, agent i could change its request and receive Oj items which implies s is not a 
Nash equilibrium. Therefore PoA <m. D 

3 Single-round games 

In this section we analyze the HRG mechanism for (single-round) knapsack games. In general the 
HRG mechanism may admit many different Nash equilibria, not all yielding the same allocation. 
We show that we can restrict our attention to certain bad equilibria in which agents are especially 
greedy, requesting as many items as possible even when their marginal valuation is zero. 

We give the following definition in order to deal with the pathological case in which agents have 
constant valuation functions after some point. If agents have strictly increasing valuation functions 
then all Nash equilibria are tight. 

Definition 3.1. A Nash equilibrium strategy profile is tight if no agent can change its request to 
be awarded more items. 

Example 2. Consider a game G with 2 players and m = 10 items to allocate. Let vi{x) = 11 
and V2{x) = x, V x € {1, ..., 10}. Then strategy profile s(l,9) is a Nash equilibrium, since neither 
player can improve its payoff. On the other hand, s is not a tight Nash equilibrium since player 
1 could successfully request up to 10 items. In all tight Nash equilibria for this game, player I's 
strategy is si(lO), while regardless of player 2's strategy, its request won't be granted. 

Lemma 3.1. A strategy profile s{xi, ...,Xn) is a tight Nash equilibrium if and only if: 

1. no items remain unallocated, and 

2. Mi G HRG{s), Si{xi + 1) y s, and 

3. Mi i HRG{s), Si{l) >- s 

Proof. (=^) Assume s is a tight Nash equilibrium, and prove the three statements hold. 

1. If some items remain unallocated, some agent could change its request to be awarded the 
extra items, which contradicts the definition of a tight Nash equilibrium. 

2. Let j € HRG{s) be the agent with Sj = s. Then Sj{xj + 1) > s. For any other winning agent 
i ^ j, i & HRG{s), if Sj(xj + 1) ^ Sj{xj), i could successfully request at least one additional 
item. 

3. If for some player i ^ HRG{s) Sj(l) -< s then player i could request and be awarded 1 item 
instead of zero. 

(<^) Assume s satisfies the three statements, and prove s is a tight Nash equilibrium. Consider an 
agent i ^ HRG{s). Since for any Xi, Si{xi) > Si{l) > s, agent i's request would only be considered 
after those of all other winning agents, when all items have already been allocated. Similarly, if 
a winning agent i G HRG{s) changes its request from Xi items to x'- > Xi, its request will only 
be considered after all other winning agents' and so the number of unallocated items would be at 
most Xi, not enough to grant i's request. D 

7 



Lemma 3.2. All tight Nash equilibria of a given knapsack game instance yield the same allocation. 

Proof. We begin by observing that at any tight Nash equihbriuni strategy profile s, the set of 
successful agents is HRG{s) = {i : Sj(l) ^ s}, and that any successful agent i requests Xi = 
max{x G {0, ...,m} : Si{x) :< s} items. 

Now we claim that for any fixed knapsack game instance, any two tight Nash equilibrium 
strategy profiles s and t have the same cutoff point. Assuming by contradiction that s ~<i implies 
by the previous observation that every winning player in s must be a winner in t, and every winner 
in t is awarded at least as many items as a winning player in s. Moreover, the player with strategy 
t is awarded strictly more items in t than in s. But this is not possible since both s and t are tight 
and hence allocate all m items. 

If two strategies profiles for a given game have the same cutoff point, then the winner set and 
their requests are identical. D 

Proposition 3.3. // each valuation function is strictly increasing, then PoA = PoS. 

Proof. First observe that when valuation functions are strictly increasing, all Nash equilibrium 
profiles are tight. If an agent could successfully increase its request, it would do so. Thus, by 
Lemma 13.21 the social welfare values of all Nash equilibria are equal. D 

The following lemma shows that in calculating the PoA we can restrict our attention to tight 
equilibria. 

Lemma 3.4. Given any Nash equilibrium strategy profile, there always exists a tight Nash equilib- 
rium strategy profile of only lower social welfare. 

Proof. Let t = (ti, ..., t„) be a tight Nash equilibrium strategy profile and let s = (si, ..., s„) be some 
other Nash equilibrium strategy profile. Assume for contradiction that some agent i is awarded 
more items at t than at s. We will show that i could always successfully request ti = {yi,Vi{yi)), 
which implies s is not in equilibrium. If agent i is not granted its request ti then there must not 
have been enough remaining items when i's request was considered; that is, more than m — Xi 
items must already have been allocated to players with better requests. Let Sj = {xj,Vj{xj)) be 
the request of each player j in s. Then: 

y^ Xj > m-yi 

But this is not possible since t is a tight Nash equilibrium: if player j requests more at s than 
at t (i.e., Xj > yj) then we have Sj > i > ti. Since no agent is awarded more items at t than at s, 
the social welfare at t cannot be better than that at s. D 

Proposition 3.5. Every knapsack game admits a (tight) Nash equilibrium. 

Proof. In a given game instance with n agents and m items, there are at most n ■ [m + 1) different 
possible individual strategies. Let ai,a2, ..., an.(m,+i) be the sequence of these strategies, in sorted 
order. Let s = (si(xi), ...,Sn{xn)) be a strategy profile such that Xi = max{x G {1, ...,m} : Si{x) :< 
am} if Si{l) -< am and Xj = otherwise. Then we claim that s is a tight Nash equilibrium. 

To show this, we verify the three conditions of Lemma [3.11 1) Exactly m items are requested at 
s, and therefore the mechanism will allocate all items. 2) By definition of s, if any winning agent i 



requests more items, it will be unsuccessful since its request will only be considered after those of 
all other winners, after which point only Xi items will remain unallocated. 3) Similarly, if a losing 
agent requests any nonzero number of items, its request will only be considered after those of all 
winners, at which point no items will be left unallocated. D 

Theorem 3.6. The Price of Anarchy of the HRG mechanism is at most 2. 

Proof. Let s = (si(j;i), ..., s„(x„)) be a tight Nash equilibrium and let OPT = (ai,...,a„) be an 
optimal allocation. Let A = {i (^ J\f : ai > Xi} be the set of agents awarded more items in OPT 
than at equilibrium s. Then sw{OPT) < sw{A) + sw{s), where sw{A) is the sum of valuations 
of agents in A. It suffices to show that sw{A) < sw{s). To do so, let s = Sj{xj) for some j. By 

Lemma l3. II , we have Si{ai) > s, V i G A, which implies ^'^"''^ < ^ )^ ■ Lemma l3. II also implies 
Si{xi) :< s,\/i £ HRG(s). Therefore ^^iSEil < M£ii g^j^j hence: 

sw{A) = 2J Vi{ai) = 2_,ai- -^-^-^ < 2^ Oj • -Jl-M. = _l^.Jl • 2^ a^ < -11-Jl . m < sw{s) 

D 



X ' 

ieA ieA "' ieA "■' ^ ieA 



3.1 Complexity of computing Nash equilibria 

We now present an algorithm that finds (as the reader can verify) the Nash equilibrium in the 
full information setting, in 0((nlogm)^) time. FindEquilibrium performs a search for the greatest 
request that passes the cutoff test, implemented by a helper function BelowCutoff. The helper 
function tests whether the request Sj {xi ) is below the cutoff of a tight Nash equilibrium of the game 
defined by agents in N and m. As discussed in previously, this cutoff point is unique for any tight 
Nash equilibrium, and a player is guaranteed to be granted any request below this point. 

Algorithm 2 FindEquilibrium (AA, m) 
for alH € A/^ do 

ai = max^.g|o,...m} { BelowCutoff (si(xj), A/", m) } 
end for 
return (ai,...,a„) 



Algorithm 3 BelowCutoff(si(xj),A/', m) 
for all i e A" do 

aj ^— max{xj S {0, ...,m,} : Sj{xj) -< Sj(xj)} 
end for 
return true if Yli&M "^i ^ "^^ else false 



4 Multiple-round games 

In a fc-round knapsack game, the m items are partitioned into k bundles, which are distributed 
among the n agents in k successive (single-round) knapsack games or rounds. Let mi,...,mk 

9 



be the sizes of the bundles with X]t=i "^t ~ "^^ ^^ before, the agents have valuation functions 
Vi : {0, ...,m} -^ M.Q, which are normalized (vj(0) = 0), are nondecr easing, and exhibit diminishing 
marginal returns. 

Let <Y* be the set of winners in round t and let x^ be the number of items requested by i in 



game t. Let aj 



Y2 x^ be a running sum of the items allocated to agent i in the first t 



j=l,..,t:ieA'J 

games, with a^ = for all i. In round t, agent i's valuation function vj is its marginal valuation 
given the number of items received in the earlier rounds (see Fig. [2]): 



vj{x) =vi{x + al ^) -Vi{al ^) 

Observe that these marginal valuations functions w* indeed are normalized, are nondecreasing 
and have diminishing marginal returns, just like the full valuation functions Vi. G* will denote 
the knapsack game played at round t with mt items and valuation functions vj. Observe that 
these individual knapsack games agents are playing at each round depend on how items have been 
allocated in previous rounds, and indirectly, on players' strategies in previous rounds. 

A strategy or request for agent i is a fc-tuple Si(xJ, ...,x^) = {sj{xl), ...,s'ji{xf)) where s*(x*) = 
(x*,f*(x*)) is the request of player i in game G*. We will sometimes abuse notation and refer to 
the strategy of player i in G by Sj, and the strategy of player i in game G* by s*. A strategy profile 
for a A;-round knapsack game will refer to an n-tuple of strategies s = (si, ...,s„) and a strategy 
profile for game G* will refer to the n-tuple of requests of players in round i, s* = (s^, ..., s^). 

As before, we will denote by OPT^ = (ai,...,a„) or OPT, when G is implied, an optimal 
allocation of items to the agents of G. We denote the social welfare of the optimal allocation 
by sw{OPT'^) = X^iLi^j(flj)- We denote the social welfare of a strategy profile s(si,...,s„) by 

Player I's marginal valuation function f^(x) = f j(x + 3) — f^i(3) 



Round 1: m\ = 3 items 






123456789 10 



v\{x) 



123456789 10 



Round 2: m2 = 7 items 



vl{x) 



10 



123456789 10 



vl{x) 



2 ^ 

m 



123456789 10 



Figure 2: Marginal valuation functions. 



Definition 4.1. We will say that strategy profile s is a myopic equilibrium for the k-round knapsack 
game G if for all rounds t, s* is a Nash equilibrium of G^ . 

Definition 4.2. The myopic Price of Anarchy (PoA) bounds the ratio of the optimal social welfare 
and the social welfare of the worst myopic equilibrium in any k-round Knapsack Game: 



sw 



(OPT^) 



PoA = sup 

s: myopic eq. SWi^S) 
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Our goal in this section is to analyze how a central entity should partiton the m items into 
bundles in order to obtain as good a PoA as possible. For the rest of this section let W be 
the social welfare of G at strategy profile s, and let W^ be the social welfare of G* at s*. Let 
A* = maxj f*(l) be the highest valuation an agent has in round t for receiving one item. 

Lemma 4.1. For any k-round knapsack game G, and myopic equilibrium strategy profile s, for all 
tG{l,...,fe}, A*>^>A*+i. 

Proof. For the first inequality, since in game G* the highest valuation for one item is A*, and 
valuation functions have diminishing marginal returns, A* • ttt-^ > VF*. 

For the second inequality, assume by contradiction that A*+^ > — . Then, either some items 
remain unallocated at Nash equilibrium s*, or there exist a winning player i whose valuation per 
item ratio, ' / , is less than A*"*"-*^. 

Consider player j that has valuation v -^ (1) = A*^^ from the definition of A*^^. If items 
remain unallocated in game G* then player j could successfully request more items and get better 
payoff. On the other hand, if ' / < v (1) for some winning player i, then j could have changed 

its request in game G* to be awarded at least one extra item. In either case, s* is not a Nash 
equilibrium and therefore s is not a myopic equilibrium. D 

Lemma 4.2. Fix a k-round knapsack game G and a myopic equilibrium s. Then, 

k 



i{OPT) < M^ + A'^+i . ^ Ui - — ) 



sw[ , _ 

t=\ 

Proof. Let OPT = (ai,...,a„) be an optimal optimal allocation of the m items to the agents of 
game G. Let the set of over awarded agents in game G at s be 1" = {i G A/" : a^ > aj}. To reach 
this allocation, we can reallocate items from the over awarded agents to some other agents. Let A 
be the total number of items we need to reallocate to reach the optimal solution. And let sw{A) 
be the social welfare that these items bring to the agents in the equilibrium solution. 

sw{A) = ^t;j(af) - Vi{ai) 
i& 

Let A^ be the number of items we need to reallocate in round t, with X]t=i ^ ~ ^- Let sw(^A^) 
be the social welfare these items were bringing to the agents at equilibrium, X]t=i ^^(A*) = sw(^A). 
Every item that we reallocate will add at most A '^^ to the social welfare. On the other hand, 
sw(^Al) is lost in the optimal allocation. Therefore, 

sw{OPT) -W < A'^+i • A - sw{A) 

To complete the proof we can show that. 



W 



k 

t=l 
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It is enough to show that V t G {1, ..., k}, 

Let 6 = — , be the average welfare per item obtained in round t. Then, by Lemma 14. H 
5 > A^^"^. We then get A'^'"''^ • A^ > sw{A^), since we reahocate the j4* items to reach the optimal 

allocation. Let a = ^"'^t be the average welfare brought by the misallocated items in round t. 
Then a < A'^"'"^. By definition of A*, and diminishing marginal returns of valuation functions, 
agents value each item at most A* in round t. Therefore 

{mt - A*) • A* + sw{A^) > W^ 
(mt - y4*) • A* + a • A* > (5 • mt 

mt(A*-5) >A\A^ -a) 

A' < mt—^ 

A^ — a 

Now we are ready to prove equation ([1]) and complete the proof. From Lemma |4.H we get: 

A* > A'=+^ 
a • A* > a • A'^+i 
^fc+i . A* - a • A*=+^ > A'=+^ • a* - a • a* 
A^+i . (A* - a) > (A^'+i - a) • A* 

A* -a 

A* -5 



^k+i . (^t _ ^) > A*(A^+i - a) 



A* -a 



A^+i . ( 1 - A") > (A^'+i .^.^l^ 



A* / ~ A* 



a 



A'^-^^ . m, ( 1 - A") > (A'^+i - a) • m, ^* ^ 



A* / ~ A* - a 



A'^+^ .mt(l--^]> (A^'+i -a) -A' 



D 



The main result of this section shows how the PoA relates to the choices of bundle sizes. The 
theorem bounds the PoA when bundle ratios are fixed {yt = nit /mi). Intuitively, in the formula 
below, the y's are chosen by the mechanism, since it can decide how to divide the m, items into 
bundles. On the other hand, the x's are related to players' valuation functions, and the mechanism 
has no control over their values. The next section will show that chosing y values carefully can 
bound the PoA. 
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Theorem 4.3. The PoA of the k-round knapsack game with bundle sizes mt is bounded by (where 
yt = mt/mi): 

^ ^ Eti^t(i-i) .„. 

1 + s^iP ^k i^k (2) 

^t>i 22t=i yt Ui=t+i ^i 

Proof. Let G be a k-round game and s be a myopic equilibrium. 
We show that there exist xi, ...,Xfc, Xi > 1, such that: 

sw{OPT) ^ Etiyt(l-i7) 



From lemma HUl 



,{OPT) <w + A^+i • ^ ("^* - "xr) 

t=l ^ ^ 



Let xt = . t+i > 1, VI < t < A;. And since s* is a Nash equilibrium for game G*, A*"''-'^ < ^-, 
\/l<t<k. Then, 



sw{OPT) -W < A^+i • 5^ ( "i< - ^ ) 

t=i ^ ^ 

t=i ^ ^ 

Observe that A*+i = a;i+iA*+2 = x^+i • ... • Xk • A^+i = A'^+i EliWi ^»- ^hen, 



(3) 



.t+i 



i=l i=l 

= ^m,.A^+i. n ^^ 
t=i j=t+i 

i=l i=t+l 

From inequalities ^ and ^ we infer that for any knapsack game with bundle sizes mt, there 
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exist xi,...,Xk such that, 



sw{OPT) - w Et=i yt\}-ii 



W 



t=l yt ■ W^=t+l Xi 



sw{oPT) - w ^ St=i yi\}-h 



PoA = l + suv <l + sup— ^ 

^ ^•*>i Et=i yt ■ \\i=t+i xi 



D 



5 Evaluating the PoA 

In this section we present two results analyzing the expression ([2]) above. First, we that show 
supremum of this expression taken over all valid choices of xt but fixing yt = t, which corresponds 
to a particular choice of bundle sizes (see Sec. S]), is 1/k, indicating that the PoA given in ([2]) for 
such bundle sizes equals 1 + 1/k. Second, we show that the min-sup of this expression, now also 
taken over choices of yi, which corresponds to considering all possible choices of bundle sizes, equals 
the same value 1/k, indicating that there is no superior set of bundle sizes. 



Theorem 5.1. Define 



F{xi,...,Xk) = ^ Xi>l,i = l,...,k 

i=l j=i+l 



Then sup F{x) = i. 

X 

Proof. First observe that 



Xl ^ \ Xi 



^(^) = r-^k < J™-^(^) 






as'i— >oo 



If we set Xi = ^-^, i = 2,...,k, then we have lim F(x) = -r. Thus to prove the theorem, it 



remains to show that lim -F(x) < -r. 
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We note that the following inequalities are equivalent: 
1 



lim F(x) < , 

a;i— ^oo k 






(5) 



where Zi= II Xj, « = 1, ..., k — 1; Zk = I; zq = xizi 
j=i+i 



Now define a function C : [0, oo 



ifc-i 



C(z) = y (izi + ik ■ ^^) - y iA; 

Notice that C is a function of A; — 1 variables since zq and z^ are fixed. Also notice that the domain 
of C strictly includes the domain of z as defined in Eq. [5l To complete the proof, we show that 
C(z) > for any z E [0, oo) . We will do this in two steps: (i) showing that C(z) has a unique 
stationary point, and then (ii) showing that C(z) > both at any of the domain boundaries and 
the stationary point. 

C(z) has a unique stationary point 

Let a = (oi, ..., ttk-i) be a stationary point for function C, and let qq = zq = x\Z\ and ai^ = z^ = 1: 



--(a) = 1 + '-^" 

ozi ai-i 



(a) = i + k{i + 1)^ = 0, i = l, ..., k-1 (6) 



We show now by induction that each Oj can be written as a function of ai. 
For the base case, let uq = xi ■ ai = fo{ai) and /i(ai) = ai. 

Now assume that aj_i = /i-i(ai) and a^ = fi{ai). Then we will define Oj+i as a function of ai 
as follows. From Eq. [6] we can infer: 

/ ik \ a? 



aj-i/ A;(i + 1) 
Oi+i = h + 7 r^ • >/■ , i\ = /»+i(Qi) (7) 



fi-i{ai)J kii + 1) 

where /j+i(-) is the name given to the expression in Eq. [7] as a function of ai. 

Therefore the equations Cj = fi{ai), i = 1, ...,fc — 1 uniquely define a stationary point a with 
respect to oi. To show that the stationary point a is unique, we only need to show that fk{ai) = 1 
has a unique solution. For this it is sufficient to show that the derivative of fk with respect to ai 
is always positive: /((ai) > 0. 

We show this by induction on i = 0,...,k. Let hi = -f^, i = 2,...,k — 1. The inductive 
hypothesis is that /^'(ai) > 0, i = 1, ..., k and hj{ai) > and h'Aai) > 0, j = 2, ..., k. 
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For the base case, observe the fohowing: 

/i(ai) = ai > and f[{ai) = 1 > 

xial + kai , 2xiai + k 

^^("^^ = 2kx, ""^ ^^^"^) = ^fc^^ > ° 
, / N /2(ai) xiai + /c , ^1 ^ n 

Now assume that //(ai) > 0, /ij(ai) > 0, and /li(ai) > 0. We then observe that f-^iiai), 
/ij+i(ai) and h'^^i{ai) are all strictly positive: 

//+i(ai) = h'iiai) ■ fi{ai) + hi{ai) ■ fl{ai) > 

/ N /. ik \ fi(ai) i „ , , i , , . 

V fi-i{ai)J k{i + l) k{i + l) ^ + l 

z z 

^*+i(ai) = ^/^ _^ ^x //(«i) + — pY ■ h'iiai) > 

This shows that the equation fk{ai) = 1 has a unique solution, and thus concludes step (i). 

C(z) > at all boundary points and the unique stationary point 

First observe that Cj = - satisfies Eq. [3 z = l,...,k and hence a = (ai, ...,afc_i) is the unique 
stationary point for C. Now we show that C(a) > 0: 

k k k k 

C(a) = ^(ia, + ik ■ ^^) -Y,^^ = Y.^^ + ^(' - 1)) - 5^ i't = 

1 CLi—l . -, . , . -, 

1=1 «=1 J=l «=1 

Let b = (6i, ...,6fc_i) be a boundary point. Then we must show that C(b) > 0. Since b is a 
boundary point there must exist j such that bj = or 6j = oo: 

C(b) = ^{ibi + ifc • -^) - J] ifc 
i=i °*-i i=i 

k 

The only negative term is Yl i^i which is constant with respect to b. If bj = for some j, then 

i=l 

the positive term {i + l)k ■ -^ is infinite and C(b) > 0. On the other hand, if bj = c« for some j, 
then the positive term ik ■ j-^— is infinite and again C(b) > 0. 

Steps (i) and (ii) above show that C(z) > Vz G [0,00)*^^-'^ and therefore C(z) > on the 
restricted domain of equation ^ , which completes the proof. D 

Corollary 5.2. The PoA for the k-round knapsack games with bundle ratios ^ = t is -^. 

Proof. PoA < ^ is a consequence of theorems 15.11 and 14.31 

Instances can be constructed as follows showing that the bound \ is realizable in the limit. 

Let G be a k-round knapsack game with k + \ players and bundle sizes mi, m2 = 2 • mi, ..., 
ruk = k ■ 7TT-1. Let vi{x) = c for some constant c, Vk+i{x) = x ■ ^^^ , and for 2 < i < k, let Vi{x) be 
defined as 
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: if X > mi(i — 1) 

This game reaches myopic equihbrium when each player i successfuhy requests rrij items in 
round i. Each player receives an individual payoff of c yielding a total social welfare of c • fc. This 
wastes mi — 1 items in the first round and mi items in each following round, leaving player fe + 1 
without any items. 

On the other hand, the optimal allocation allocates 1 item to player 1, (i — 1) • mi items to 
player i, for 2 < i < k, and k ■ m,i — 1 items to player k + 1. 

Then, 

sw[s) 1 1 



sw{OPT) k 7TT-1 • k"^ 
which approaches ^ as mi gets large. D 



Theorem 5.3. Let 





Ey.(i-i-) 


G(x,y) = 


i=l 


k k 




i=i j=i+i 


y) = i- 





yi>0; Xi>l, i = l,...,k (8) 



Then min sup G(x, y 
y X 

Proof. Fix Hi = i. First, since supG(x, ?/j = z) = | by Theorem 15. H it immediately follows that 

X 

minsupG(x, y) < — (9) 

y X k 

Second, given any y = {yi,...,yk), yi>0,i = l,...,/c, we have 



k 



i . ^^ ' 1 



Em" 



I 
i=l 



^ sup G(x, y) > - , for any y 

X fc 

^ minsupGfx, y) > — (10) 

y X k 

Combining Ineqs. [9]and[10l the result follows. D 
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6 Discussion 

In this paper, we have introduced the knapsack game, a novel formulation of resource allocation 
for agents that are honest but reveal only partial information. In the multi-round setting, the 
equilibrium solution concept we have addressed in our analysis is a myopic Nash equilibrium, in 
which each round is treated as equivalent to an isolated single-round game (with the evaluation 
functions updated appropriately). That is, in each round, we assume the players will strategically 
try to improve their welfare in the current round. An interesting open direction is to analyze the 
Nash equilibrium in terms of each player's strategy for the entire, multiple-round game, rather than 
in our myopic setting. 

Our PoA results depended on the assumption that valuation functions exhibit diminishing 
returns. Relaxing this assumption is another clear open problem. Other possible future directions 
include formulating the problem in the Bayesian setting or moving to a combinatorial knapsack 
game involving non-identical items with valuation functions defined over sub-sets. 



18 



References 

[1] N. Alon, F. A. Fischer, A. D. Procaccia, and M. Tennenholtz. Sum of us: Strategyproof 
selection from the selectors. CoRR, 2009. 

[2] I. Ashlagi, F. A. Fischer, I. A. Kash, and A. D. Procaccia. Mix and match. CoRR, 2010. 

[3] L. Blumrosen and N. Nisan. Auctions with severely bounded communication. FOCS, 2002. 

[4] L. Blumrosen, N. Nisan, and I. Segal. Multi-player and multi-round auctions with severely 
bounded communication. ESA, 2003. 

[5] P. Driest, P. Krysta, and B. Vocking. Approximation techniques for utilitarian mechanism 
design. STOC, 2005. 

[6] N. Chen, N. Gravin, and P. Lu. Mechanism design without money via stable matching. CoRR, 
2011. 

[7] W. Cohen and T. Sandholm. Partial-revelation vcg mechanism for combinatorial auctions. 
AAAI, 2002. 

[8] S. Dobzinski and N. Nisan. Mechanisms for multi-unit auctions. EC, 2007. 

[9] S. Dobzinski and N. Nisan. Multi-unit auctions: Beyond roberts. CoRR, 2010. 

[10] S. Dughmi and A. Ghosh. Truthful assignment without money. CoRR, 2010. 

[11] A. Goldsmith. Wireless Communications. Cambridge University Press, 2005. 

[12] M. Guo and V. Conitzer. Strategy-proof allocation of multiple items between two agents 
without payments or priors. AAMAS, 2010. 

[13] H. Kellerer, U. Pferschy, and D. Pisinger. Knapsack Problems. Springer, 2004. 

[14] R. Lavi and C. Swamy. Truthful and near-optimal mechanism design via linear programming. 
FOCS '05, 2005. 

[15] P. Lu, X. Sun, Y. Wang, and Z. A. Zhu. Asymptotically optimal strategy-proof mechanisms 
for two-facility games. EC, 2010. 

[16] A. Mu'alem and N. Nisan. Truthful approximation mechanisms for restricted combinatorial 
auctions: extended abstract. In Eighteenth national conference on Artificial intelligence, 2002. 

[17] N. Nisan and A. Ronen. Algorithmic mechanism design. Cames and Economic Behavior, 2001. 

[18] N. Nisan, T. Roughgarden, E. Tardos, and V. Vazirani. Algorithmic Game Theory. Cambridge 
University Press, 2007. 

[19] A. D. Procaccia and M. Tennenholtz. Approximate mechanism design without money. EC, 
2009. 

[20] W. Vickrey. Counterspeculation auctions and competitive sealed tenders. Journal of The 
ACM, 1961. 



19 



